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In this presentation all rings are commutative Noetherian local (or
standard graded algebras over a field), and all modules are finitely
generated (or graded finitely generated).
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Rationality of Poincaré series and Golod rings

Definition

Let (R,m, k) be a Notherian local ring with the maximal ideal m
and the residue field k.

(1) Let M be an R-module with the minimal free resolution F•.
The Poincaré series of M:

PR
M(t) =

∑
i≥0

rank(Fi )t
i =

∑
i≥0

dimk TorRi (M, k)t i ;

(2) PR
M(t) is a rational function if

PR
M(t) = f (t)/g(t)

for some complex polynomials f (t) and g(t).
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The Serre-Kaplansky problem: Does PR
k (t) represent a rational

function?

This problem was one of the central questions in Commutative
Algebra for many years.
D. J. Anick (1980): The answer is negative.
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There is a coefficientwise inequality of formal power series which
was derived by Serre:

PR
k (t) � (1 + t)d

1− t(
∑d

i=1(dimk Hi (x;R)t i )

=: QR(t),

where x = x1, · · · , xd is a minimal system of generators of m and
Hi (x;R) denotes the ith Koszul homology module of R w.r.t x.

Eagon resolution

Golod (1962): There exists a free resolution E• of k such that∑
i≥0 rank(Ei )t

i = QR(t).
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Golod (1962):

The following conditions are equivalent.

(1) PR
k (t) = QR(t);

(2) E• is minimal ;

(3) All the Massey operations vanish on the Koszul complex.

Definition

The ring R is called Golod if one of the equivalent conditions
holds.
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Denote by (K•, ∂) the Koszul complex of (R,m, k) with respect to
a minimal system of generators of the maximal ideal m.

• K• has a DG algebra structure;

• H(K•) = Z/B = ⊕i=0 Hi is a graded algebra

• H+(K•) = ⊕i=1 Hi is a graded ideal of H(K•) and is a k
vector space of finite dimension.
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Rationality of Poincaré series and Golod rings Golodness of powers of ideals Golodness of Koszul ideals

Denote by (K•, ∂) the Koszul complex of (R,m, k) with respect to
a minimal system of generators of the maximal ideal m.

• K• has a DG algebra structure;

• H(K•) = Z/B = ⊕i=0 Hi is a graded algebra

• H+(K•) = ⊕i=1 Hi is a graded ideal of H(K•) and is a k
vector space of finite dimension.
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Massey operations on the Koszul complex

We say all the Massey operations vanish (or K• admits a trivial
Massey operation) if for some homogeneous k-basis B = {hλ}λ∈∧
of H+(K•) there exists a function µ :

⋃d
n=1 Bn → K•, such that

the following conditions are satisfied.

(1) µ(hλ) = zλ ∈ Z with cls(zλ) = hλ;

(2) ∂µ(hλ1 , · · · , hλn) =
n−1∑
j=1

µ(hλ1 , · · · , hλj
)µ(hλj+1

, · · · , hλn) for

n ≥ 2;

Here if x ∈ Ki we set x̄ = (−1)i+1x .
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Rationality of Poincaré series and Golod rings Golodness of powers of ideals Golodness of Koszul ideals

Massey operations on the Koszul complex

We say all the Massey operations vanish (or K• admits a trivial
Massey operation) if for some homogeneous k-basis B = {hλ}λ∈∧
of H+(K•) there exists a function µ :

⋃d
n=1 Bn → K•, such that

the following conditions are satisfied.

(1) µ(hλ) = zλ ∈ Z with cls(zλ) = hλ;

(2) ∂µ(hλ1 , · · · , hλn) =
n−1∑
j=1

µ(hλ1 , · · · , hλj
)µ(hλj+1

, · · · , hλn) for

n ≥ 2;

Here if x ∈ Ki we set x̄ = (−1)i+1x .
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Golod rings are good rings in the sense that all modules over such
have rational Poincaré series sharing a common denominator.

Lescot (1990):

Let R be a Golod ring. Set qR(t) = 1− t(
∑

i=1(dimk Hi (x;R)t i ).
Then for any finitely generated R-module M one has.

qR(t)PR
M(t) ∈ Z[t].
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Remark

• The local ring R is Golod if and only if the m-adic completion
R̂ is Golod.

• When R is a complete local ring by Cohen Structure Theorem
there is a regular local ring (S , n, k) and ideal a of S such that
R ∼= S/a

Definition

Let (S , n, k) be a regular local ring and a be an ideal of S . The
ideal a is called a Golod ideal if R = S/a is a Golod ring.

From now on (S , n, k) is a regular local ring (or a polynomial ring
over k)
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A list of Golod ideals

Let (S , n, k) be a regular local ring (or a polynomial ring over the
field k ) Assume that a and b are ideals (or graded ideals) of S .

1 Herzog-Steurich (1979): If a ∩ b = ab, then ab is Golod.

2 Löfwall (1983) : If i ≥ 2 and n2i−2 ⊆ a ⊆ ni , then a is Golod.

3 Backelin - Fröberg (1985): If a has a linear resolution then a
is Golod. In particular ni is Golod for all i ≥ 2.

4 Herzog-Reiner-Welker (1999): If a is a componentwise linear
ideal, then a is Golod.

5 Gasharov-Peeva-Welker (2000): If a is a generic toric ideal,
then a is a Golod ideal.

6 Herzog-Welker- Yassemi (2011): ai is is Golod for all i � 0.

7 Herzog-Huneke (2013): If k has characteristic zero, then the
ideals am, a(m) (the m-th symbolic power of a) and ãm (the
saturated power of a) are Golod for all m ≥ 2.
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saturated power of a) are Golod for all m ≥ 2.



Rationality of Poincaré series and Golod rings Golodness of powers of ideals Golodness of Koszul ideals

A list of Golod ideals

Let (S , n, k) be a regular local ring (or a polynomial ring over the
field k ) Assume that a and b are ideals (or graded ideals) of S .

1 Herzog-Steurich (1979): If a ∩ b = ab, then ab is Golod.
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3 Backelin - Fröberg (1985): If a has a linear resolution then a
is Golod. In particular ni is Golod for all i ≥ 2.

4 Herzog-Reiner-Welker (1999): If a is a componentwise linear
ideal, then a is Golod.

5 Gasharov-Peeva-Welker (2000): If a is a generic toric ideal,
then a is a Golod ideal.

6 Herzog-Welker- Yassemi (2011): ai is is Golod for all i � 0.

7 Herzog-Huneke (2013): If k has characteristic zero, then the
ideals am, a(m) (the m-th symbolic power of a) and ãm (the
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Golodness of powers of ideals

Lemma

If there exists a proper ideal J of R with J2 = 0 such that the map

TorSi (R, k)→ TorSi (R/J, k)

is zero for all i > 0, then R is Golod. Moreover, the Massey
operation µ can be constructed so that Imµ ⊆ JKR .

We apply this and obtain new class of Golod ideals.
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Let dim S = d and a and b be ideals (or graded ideals) of S .
Let K• be the Koszul complex of S w.r.t a minimal system of
generators of the maximal ideal n. Denote by Z• the cycles of K•.

• Let ρi (b) be the smallest integer such that

Zi ∩ bmKi ⊆ bm−ρi (b)Zi

for all m ≥ ρi (b).

• Define
ρ(b) = max{ρ0(b), · · · , ρd−1(b)}.

• ρ(b) is the smallest integer such that for all m ≥ ρ(b) and
i ≥ 1, the maps

TorSi (S/bm, k)→ TorSi (S/bm−ρ(b), k)

are zero.
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Theorem

Let m be a positive integer with m > ρ(b). If

b2(m−ρ(b)) ⊆ a ⊆ bm,

then a is Golod. In particular bm is Golod.

Note that ρ(b) ≥ 1.

Theorem

In the following cases we have ρ(b) = 1.

1 S is a polynomial ring over a field of characteristic zero;

2 S has Krull dimension at most 2;

3 a is generated by a part of a regular system of parameter of S .
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Question

Let S be a regular local ring. Is it true that ρ(a) = 1 for any
proper ideal a of S or equivalently that the map

TorSi (S/am, k)→ TorSi (S/am−1, k)

is zero for all i > 0 and all m?
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Golodness of Koszul ideals

Let (R,m, k) be a standard graded k-algebra, N a graded
R-module.

• Let N generated by homogeneous elements of the same
degree q. We say has a q-linear resolution if TorRi (N, k)j = 0
for all i and all j 6= i + q.

• Also, we say that N is componentwise linear if for all integer q
the graded submodule N〈q〉 generated by all homogeneous
elements of N with degree q, has a q-linear resolution.

• Let (R,m, k) be a local ring (or standard graded k-algebra)
with the maximal (or homogeneous maximal) ideal m. An
R-module M is called Koszul if its associated graded module
grm(M) = ⊕i≥0m

iM/mi+1M as a graded grm(R)-module has
a linear resolution.
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Herzog, Reiner and Welker (1999)

Let S be a polynomial ring over a field and a be a graded ideal of
S . If a is a componentwise linear ideal, then a is Golod.

Römer (2001)

Let the situation be as above. The following are equivalent.

1 a is componentwise linear;

2 a is a Koszul module;

Let S be a regular local ring and a be a Koszul ideal of S . Is a a
Golod ideal?
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Consider the map

γi (b) : TorSi (nb, k)→ TorSi (b, k)

induced by the inclusion nb ⊆ b for every i

Şega (2001)

The following are equivalent.

1 a is Koszul;

2 γSi (nja) = 0 for all i ≥ 0 and all j ≥ 0.
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Rationality of Poincaré series and Golod rings Golodness of powers of ideals Golodness of Koszul ideals

Theorem

Let (S , n, k) be a regular local ring and a an ideal of S . Assume
that the map

γSi (a) : TorSi (an, k)→ TorSi (a, k)

is zero for all i ≥ 0. Then a is Golod.

Corollary

Let the situation be as above. If a is a Koszul ideal, then a is
Golod.
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Rationality of Poincaré series and Golod rings Golodness of powers of ideals Golodness of Koszul ideals

Theorem

Let (S , n, k) be a regular local ring and a an ideal of S . Assume
that the map

γSi (a) : TorSi (an, k)→ TorSi (a, k)

is zero for all i ≥ 0. Then a is Golod.

Corollary

Let the situation be as above. If a is a Koszul ideal, then a is
Golod.
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Another characterization of Koszul ideals :Consider the map

δji (a) : TorSi (a,S/nj+1)→ TorSi (a,S/nj)

induced by the natural surjection S/nj+1 → S/nj .

Şega (2013)

The following are equivalent.

1 a is Koszul;

2 δji (a) = 0 for all i > 0 and all j
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Theorem

Let (S , n, k) be a regular local ring and a an ideal of S . Assume
that the map

δ1i (a) : TorSi (a,S/n2)→ TorSi (a,S/n)

is zero for all i > 0, then ab is Golod for any proper ideal b with
a ⊆ b.

Corollary

If a is a Koszul ideal, then ab is Golod for any proper ideal b with
a ⊆ b.
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